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NOTE ON DOUBLE ALTERNANTS. 
BY THOMAS MIJIB, LL.D., F.R.S. 
(Reed October 16, 1912.) 
1. The first form of alternant to which it is desired to direct attention 
is the partiaulrtr cme of 
l(aI +Pr)p(c~z+Pz)P. . . (~ , ,+F, )P j ,  or Dn:@ SRY, 
where p = n, the case where p = n- 1 having been already dealt with by 
Zehfuss (Zeitschrift f. Math. ‘16. Phys. iv. pp. 233-236). The problem is, 
of course, to find the quotient resulting from dividing DSin by the dif- 
ference-product of the a’s and the difference-product of the (3’s-that is to 
say, the quotient 
or say 
D n : l t + ~ * ( ~ I l  aZ1 ..., a, , ) .  ~ W I I  %, . . . I  
Dn:+-&$ 
2. I t  is readily seen that by row-by-row multiplication we have 
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But the four-line determinant here is seen to be divisibIe by a3-al, 
a3 -. a,, a, - a, ; and, these factors being removed in the ordinary way, 
we have 
a: 3a: 3a, 1 1  
a:+a,a,+a: 3(a,+a,) 3 . 
3 
D -  3 ; 3 - l  a3+a2+aI 
Further simplification is effeated by performing the operations 
row, - a,.rOW, + a,a,.L"OW3, 
row, - (a, + a,).row3, 
the penultimate and final results being 
3. The form of quotient obtained is manifestly invariant (1) to the 
interchange of any two a's, (2) to the interchange of any two PIS, and 
(3) to the simultaneous interchange of every n with the corresponding @ ; 
and this, as we know, is what ought to he. 
4. On account of the number of zero elements in the quotient, it is 
possible to put it in a simple non-determinant form : thus 
................................................... ....................... 
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Note on Double Alternants. 
a,a,a,ci4n5 + 13: ... a,a,a3a4a5 + /35 
Ea,a,a3a, - 513: . .. Ea,a,a3a4 - 5& ' za,a,a3 + 10fi . . . xa,a2a3 + 10/3: 
Ea,a, - 1013; ... Ea,a, - lo& 
Ea,+5/?, ... Ea, + 513, 
179 
, 
or, still more interestingly as regards the right-hand members, 
................................................................................................... 
Further, we observe that the determinant quotients are unisignant, the 
common sign being + when n is of the form 4m or 4m+ 1, and - when 
of the form 4m+2 or 4m+3.  (11.) 
5 .  An interesting verificatory proof is reached by taking the asserted 
result and multiplying it row-wise by 2, and thereafter multiplying the 
product column-wise by <'. Thus, if we multiply 
row-wise by Z? in the form 
we obtain 
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produces 
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(aX+P$  .-. (a,+Ps)5 
(a5+PI)5 - - -  ( a g + P $ .  
.............................. (111.) 
6. Taking these results along with Scott’s of 1879 (Nessenger of Math. 
viii. pp. 189-187), we obtain a. remarkable identity-possibly the first 
observed of its kind-giving an expression for a determinant in terms of 
a permanent, that is to say, a function of one class in terms of another of 
the directly opposite class. Thus, for the fourth order, we have 
the connecting factor, which is here 4, being for the nth order 
where nr =n(n- 1) . .. (12 --r + 1)/1.2 ... r .  (IV.1 
7. A direct mode of establishing this identity is something to be 
desired. All that we can suggest as a substitute is a proof that the two 
members of it have the same final development. Taking, for example, 
the permanent of the third order 
and reodling the fact that the law for the partitionment of determinants 
with polynomial elements holds also for permanents we obtain 
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a: 3af  3n, 1 1 PI 3: P : /  
a f  3ai 3a, 1 1 /3, /3: /3:i 
. 13,/?2 - zp, 1 1 1 y x y, -31 y 3  
(a2 + A ) 3  (a ,  + /3$ (a ,  + ~ ) 3  (az+Y)3 i 
P A  - w, 
(aI  +&)3 (ar + P z ) 3  (aI  + x ) 3  (a' + Y)3 
(.: - 1 m  - (32) (Y -@,)(!I - i j 2 )  
4 2  - bI(X - 132) Y(Y - /3I)(Y - 13,) I * 
which (Educ. Times, Ixv. p. 139) 
D2, = a: 3af 3a, 1 
af  3ai 3a, 1 
&3, -213, 1 .  
P,P: -zpx 1 
<*(p,,/3>). 
I -a,a,. Ea, -3a,a, . 1  
'ccf+n,a,+ai 32a,  3 . 
- 213, 1 .  1 iYz / % P a  -2pr 1 I 
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in succession it is transformed into 
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-2% - 3  
-a1a2 . 3 Ear 
P I 1 3 2  - E D ,  1 . 
B r A  -W, aIaz . 
We thus have finally 
where, be it noted, any two elements situated symmetrically with respect 
to the secondary diagonal do not differ in form, the one being the same 
symmetric function of the one set of variables as the other is of the other. 
As a consequence the invariance referred to in $3  holds here also, as 
it ought. 
In  exactly similar fashion there is obtained 
9. Doubtlees a verificatory proof of this result, similar to that of $7, 
could be devised ; and as a matter of fact in the case of - D,; ,+&? we 
have only got to multiply row-wise the asserted equivalent by - (& - 13,) 
in the form 
1 P I  P:  - 
1 P ,  131 . 
. . .  1 
. . 1 .  
and then multiply column-wise the product SO reached by - aIa2(a1 -a , )  in 
the form 
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D:, = at 4a: 6a: 4a, llz!, 
a: 4a: 6a: 4a, 1 
&P2 -2P1 1 
- PIP, -EP, 1 
. PIP, -EP ,  1 
a, a2 a3 a, 
c, 0, c3 c+ 
b ,  b2 b3 b4 
d, d,  a 3  d, 
1 
Y 
y’ 
Y3 
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degenerates into (x + y)3 when a,, b,, c,, d, = 1,3,3,1 and all the other 
a's, b's, c's, d's vanish. 
Transactioiis of the lioyal Society of Soiith A 4 j ' ~ , ~ ~ l ~ ,  
1-fx. 1 + 0  1 + fz3 
1 l - f I ,  '-fZ3 ' 
We thus have finally 
-. u,;-~ = 11 1 1 
fH fx, 
f Z 3  
a+23a,aza, 
(VIII. 1) 
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24,a,a.a3.,.D;~-, = 1 1 1 1 1 
'-1 . f1z fq fi4 
'-1 -fn - f i ,  fi, 
1-1 -fr, -fz3 . f,, 
-1 - f . 4  -f24 f34 . 
There is a difference of form in the result when the given determinant 
Thus, in the case of the fourth order, while we come as is of even order. 
before to the equation 
' 
13. Underlying these results we have evidently the general theorem 
that If all the elements of a zero-axial skew determinant be increased by 1, 
the resulting determi.rulnt is an exact square, whatever the mder may be ; 
the reason being that where the order is even the value of the determinant 
is unaltered by the change, and where the order is odd the new deter- 
minant is expressible a8 it zero-itxiitl skew determinant of the next higher 
order. (IXJ 
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